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Abstract
The homogenizationtheory in linear elasticity is applied to a periodic array of cylindricalinclusions in rectangular
pattern extending to inﬁnity in the inclusions axial direction, such that the deformation of tissue along this last
direction is negligible. In the plane of deformation, the homogenization scheme is based on the average strain
energy whereas in the third direction it is based on the average normal stress along this direction. Namely, these
average quantities have to be the same on a Repeating Unit Cell (RUC) of heterogeneous and homogenized media
when using a special form of boundary conditions forming by a periodic part and an afﬁne part of displacement.
It exists an inﬁnity of RUCs generating the considered array. The computing procedure is tested with different
choices of RUC to control that the results of the homogenization process are independent of the kind of RUC
we employ. Then, the dependence of the homogenized coefﬁcients on the microstructure can be studied. For
instance, a special anisotropy and the role of the inclusion volume are investigated. In the second part of this work,
mechanical traction tests are simulated. We consider two kinds of loading, applying a density of force or imposing
a displacement. We test ﬁve samples of periodic array containing one, four, sixteen, sixty-four and one hundred of
RUCs. The evolution of mean stresses, strains and energy with the numbers of inclusions is studied. Evolutions
depend on the kind of loading, but not their limits, which could be predicted by simulating traction test of the
homogenized medium.
c   2009 University of West Bohemia. All rights reserved.
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1. Introduction
How a homogenized medium can be substituted to a nonhomogeneous material is of interest of
a lot of research and industrial branches. The prediction of effective moduli of heterogeneous
materials has been the topic of many works. The pioneers’ contributions are surely the works
of Hashin and Shtrikman [4] and Hill [5]. In the 1970s, signiﬁcant progress was made with the
mathematical theory of asymptotic homogenization of heterogeneous bodies formed by elastic,
linear materials [1, 13]. That theory was later extended to nonlinear elasticity, with the work of
Suquet [15] for instance, and even applied to nonelastic phenomena, e.g. to plasticity [16], or
to physical couplings, e.g. to piezoelectric materials [11].
Concept of homogenization is attached with the notion of Representative Volume Element
(RVE) and Repeating Unit Cell (RUC). RVEs are used for randomly heterogeneous materials
with statically homogeneous microstructure (as concrete for instance). RUCs are used for the
periodic structures (as textiles for instance). The work of Drago and Pindera [3] compares the
theories of homogenization done on RVE and RUC. They determined how many inclusions the
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RVE must contain to be equivalent to a RUC (when the studied material is a regular array).
Homogenization states that the average strain energy is the same on the representative piece
of homogenized or heterogeneous material when both the homogenized and the heterogeneous
samples are submitted to the same special boundary conditions. Differences between using
RVE or RUC are due to the kind of boundary conditions that are applied. RVEs are studied
under homogeneous boundary conditions whereas RUCs are studied using boundary conditions
having a periodic part and a homogeneous part. Among other more complicated materials,
Sanchez-Palencia [14] applied the notion of RUC to linearized elastic material. He obtained
a determinist form of the homogenized coefﬁcients from the energy calculated when mixing
singles modes. Single modes are deﬁned by choosing simple forms (e.g. pure stretch or shear)
of the homogeneous part of the boundary conditions.
The aim of this contribution is the application of the homogenization method to a periodic
media which microstructure is constituted of inﬁnitely long cylindrical inclusions. This work is
motivated by the mechanical modelling of ﬁbrous tissues, in view of a further application to the
human smooth muscle tissue whose modelling is of interest of the authors and their colleagues
from several years [6, 7]. For sure, the structure of muscular tissues is more complex than the
one of perfectly periodic tissues. However, as a ﬁrst approximation of muscles, the assumption
of periodicity is used in the present contribution. Employing numerical tools including the
FiniteElement method, we propose a computational procedure for calculating the homogenized
coefﬁcients and validating the homogenization theory for periodic ﬁbrous tissues.
This paper is organized as follows. The sections two to four deal with the theoretical back-
ground. In the second section, the theory of elasticity regarding special material symmetries
(orthotropy and isotropy) and deformation particularities (plane strain) is recalled. In the third
section, we introduce the notion of RUC and we specify the boundary conditions. We give the
scheme of homogenization in the fourth section. The next sections deal with our modelling.
The problem setting is detailed in the ﬁfth section. The sixth section deals with the numerical
way of computing the homogenized coefﬁcients. As a result, the dependence of the homog-
enized coefﬁcients on the microstructure is studied. A special anisotropy and the role of the
inclusion volume are investigated. In the seventh section, mechanical tests on periodic mate-
rials are simulated. Traction tests applying a density of force or imposing a displacement are
done on samples containing various numbers of inclusions. We study the limits when the num-
ber of inclusions becomes large and we compare them with the results obtained from a sample
of homogenized material. The paper ﬁnishes with conclusions in the eighth section.
2. Elastic materials, orthotropy and plane strain
Elastic material behaves accordingly with the Hooke’s law [8],
σ = D , (1)
where D is a fourth rank tensor of elastic stiffness obeying the symmetry relations Dijkl =
Djikl = Dijlk = Dklij due to the symmetry of the stress and strain tensors σij = σji and
 kl =  lk (i,j,k,l =1 ,2,3). In general three dimensional modelling, there are twenty-one
independent components.
In case of orthotropy (i.e. if there are three perpendicular planes of elastic symmetry), then
Diikl =0if k  = l, Dijkk =0if i  = j,a n dDijkl =0if i  = k and j  = l. The number
of remaining independent components is nine. Restricting the study to the case of plane strain
wheretheplaneofdeformationcorresponds toa planeofelasticsymmetry(forinstance 3j =0 ,
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∀j), the determination of the components D1313, D2323 and D3333 is not necessary because they
are multiplied by zero at every time. Six independent components remain. The ﬁrst four ones
enter the plane equations, which ones we can rewrite
⎛
⎝
σ11
σ22
σ12
⎞
⎠ =
⎛
⎝
D1111 D1122 0
D1122 D2222 0
00 D1212
⎞
⎠
⎛
⎝
 11
 22
2 12
⎞
⎠, (2)
stocking the plane strain and the plane stress components in three components vectors. The last
two independent components of the tensor D enter in the equation giving the expression of the
stress along the third direction,
σ33 = D1133  11 + D2233  22. (3)
The shear stresses σ13 and σ23 vanish under such conditions (orthotropic material, plane strain).
If the two planes of elastic symmetry perpendicular to the plane of deformation are equiv-
alent, then the indices 1 and 2 are interchangeable. Thus D1111 = D2222. The number of inde-
pendent coefﬁcients in the plane of deformation is three. In the third direction, the coefﬁcients
obey the relation D1133 = D2233. A fourth independent coefﬁcient is necessary to determine the
perpendicular stress σ33.
The above case has to be distinguished from the three dimensional transverse isotropy for
which the additional cubic symmetry
D1212 =
1
2
(D1111 − D1122), (4)
holds, linking the shear coefﬁcient D1212 to the traction ones D1111 and D1122. The number
of independent coefﬁcients in the plane of deformation reduces to two. These coefﬁcients are
called the Lam´ e’s coefﬁcients. By convention, we use the symbols λ and μ,i . e .λ ≡ D1122 and
μ ≡ D1212. The behaviour law (2) becomes
σij = λtr δij +2 μ ij,i , j =1 ,2. (5)
Note that the additional independent coefﬁcient D1133 is still necessary to determine the per-
pendicular stress σ33.
If the isotropy of material is also respected along the third direction, then this last coefﬁcient
is nothing else but λ (i.e. Diijj = λ if i  = j, i,j =1 ,2,3). In this case, the Lam´ e’s coefﬁcients
can be related to the engineering constants, i.e. the Young’s modulus, E, and the Poisson’s
ratio, ν, thanks to the relationships,
λ =
νE
(1 + ν)(1 − 2ν)
, and μ =
E
2(1 + ν)
. (6)
3. Periodic media
A periodic structure is a heterogeneous body for which a repeating unit cell (RUC) can be
deﬁned. A periodic structure is in fact an array formed by RUCs assembled together side by
side. Each RUC is indistinguishable from the next. It is not necessary to study the behaviour of
the whole array to determine the mechanical characteristics of the medium. Indeed, they can be
determined by the study on a single arbitrarily chosen RUC (the ‘reference’ RUC).
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Consider a sample of periodic material. We study the deformation process resulting when
imposing an afﬁne displacement of the boundary of this sample. The local deformation,  ,a ta
point x within the reference RUC can be split into the overall deformation, Λ, which would be
the current one if the RUC were homogeneous, and a correction ﬁeld, ˆ  , which accounts for the
presence of heterogeneities, i.e.
  = ˆ   + Λ. (7)
Because of the afﬁne boundary conditions, the overall deformation Λ is constant and is equal
to the mean deformation [9], i.e.
Λ =
1
V
 
V
 (x)dx, (8)
(V ≡
 
V
dx being the volume of the RUC) while the average of the correction ˆ   vanishes,
1
V
 
V
ˆ  (x)dx =0 . (9)
That means that ˆ   derives from a periodic displacement ﬁeld, i.e. ˆ   ≡  (ˆ u(x))  
= 1
2 (∇ˆ u + ∇tˆ u)
 
where ˆ u is periodic. That is
 (u(x)) =  (ˆ u(x)) + Λ. (10)
The form of the displacement ﬁeld is obtained by integrating (10). A decomposition between a
periodic part and an afﬁne part is obtained,
u(x)=ˆ u(x)+Λ.x. (11)
Consider a particular point x0 in the arbitrarily chosen reference RUC and its corresponding
point in a neighbouring RUC (i.e. the point with the same local position within the RUC).
The points are separed by a vector, d, of translation invariance. Since ˆ u is periodic, then
ˆ u(x0 + d)=ˆ u(x0), and the decomposition (11) is equivalent to
u(x0 + d)=u(x0)+Λ · d. (12)
Because RUCs are assembled together side by side, borders are shared by neighbouring RUCs.
Theimageby translationd ofone sideofthereference RUC inthe neighbouringRUC coincides
with the opposite side of the reference RUC. In other words, if x0 is on one side of the RUC,
then x0 + d is on the opposite side of the RUC. Equation (12) with x0 on the border of the
RUC will be used in following, when considering the problem of mechanical equilibrium at the
micro-level (i.e. within the RUC), to deﬁne the special boundary conditions of the RUC.
4. Homogenization of periodic elastic structures
The formula we use to calculate the effective elastic coefﬁcients (i.e. the values of the compo-
nents ofthe stiffnesstensor DH ofequivalenthomogeneousmaterial) was obtained by Sanchez-
Palencia [14] as follows
D
H
rspq =
1
V
 
V
Dijkl  
(rs)
ij  
(pq)
kl dx. (13)
In Eq. (13) the subscripts correspond to the tensor coordinates and the rule of summation on
repeated indices holds. Thesuperscriptsin parentheses are used todeﬁne themodeon whichthe
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test deformation is calculated. For instance,  (rs) is the deformation ﬁeld within a RUC which
is solicited under the mode “rs” of loading. More precisely, the ﬁeld  (rs) is the local ﬁeld of
deformation within the RUC imposing boundary conditions of type (12) where Λ is replaced
by a given tensor Λ(rs).T h a ti s (rs) ≡  (u(rs)) where u(rs) is the solution of the problem of
mechanical equilibrium
∇.(D(x): (u
(rs)(x))) = 0, x ∈ V,
u(x0 + d)=u(x0)+Λ
(rs).d, x0 ∈ ∂V.
(14)
For the two dimensional modelling, there are typically three single modes of loading. They are
deﬁned through the overall deformation Λ(rs), with
if r,s =1 t h e n Λ(11) =
 
10
00
 
,
if r,s =1 ,2t h e nΛ(12) = Λ(21) =
 
01 /2
1/20
 
,
if r,s =2 t h e n Λ(22) =
 
00
01
 
.
(15)
For illustration, consider a homogeneous RUC solicited under the mode “rs”. Since the
medium is homogeneous, the correction in deformation ˆ  (rs) vanishes. Thus, the local ﬁeld of
deformation is equal to the overall one, i.e.  (rs) = Λ(rs). Noticing from (15) that
Λ
(rs)
ij = 1
2(δirδjs + δisδjr), the relation (13) leads without surprise to DH = D, i.e. the ho-
mogenized stiffness of a homogeneous material is its true stiffness.
5. Problem setting
We consider a periodic array of cylindrical inclusionswith ellipticcross-section in a rectangular
pattern extending to inﬁnity in the plane transverse to the inclusion axis (say the third spatial
direction), as shown in ﬁg. 1. The assumption of plane strain is suitable for such material.
The deformation components  13,  23 and  33 remain equal to zero at any time. Moreover, this
material is orthotropic: it admits three perpendicular planes of elastic symmetry. This consid-
erably reduces the number of independent stiffness coefﬁcients as explained in section 2. In the
cross-section of thearray, there exitsan inﬁnity of RUCs generating the two dimensionallattice.
Some of them are illustrated in ﬁg. 2. The smallest one is a rectangle with a single inclusion
in the center, or a rectangle with four quarters of inclusions at corners, or even a rectangle with
two halfs of inclusions at opposite sides. Larger RUCs containing more full inclusions or more
portionsof inclusionscan be also deﬁned. To be relevant, the homogenizationtheory has to lead
to the same homogenized coefﬁcients independently of the kind of RUC we employ. One of our
aims is to test the homogenization procedure comparing the value of homogenized coefﬁcients
for various kinds of RUC.
In the second part of this work, we compare the behaviour of a sample of homogenized
material with the real behaviour of a sample of periodic array in dependence on the number of
RUCs contained in the sample. We verify that the larger the number of RUCs is (i.e. the smaller
the dimension of the RUC is, if we consider that the dimension of the sample is constant) the
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Fig. 1. Periodic ﬁbrous tissues Fig. 2. Various choices of RUC in the cross-section
smaller the error done when using the homogenized medium instead of the heterogeneous one
is.
The two phases of the considered heterogeneous material are elastic and isotropic. Their
engineering constants are denoted Ei and νi for the inclusions and Em and νm for the matrix.
Thesemoduli are related to the local stiffness coefﬁcients Dijkl(x) (x ∈ V is thepositionwithin
the RUC) by the intermediary of the Lam´ e’s coefﬁcients as developed in section 2.
6. Homogenization computing
6.1. Plane strain hypothesis
The homogenization process is done under the assumption of plane strain. The plane restriction
of the homogenization scheme (13) yields to four independent coefﬁcients DH
1111, DH
1212 DH
2222
and DH
1122. If the geometry of the array respects symmetry, i.e. if the RUC is square and the
cross-section of the inclusion is round, then this number decreases to three (the indices 1 and 2
are interchangeable). However, in every case, the shear coefﬁcient remains independent from
the others (the cubic symmetry (4) does not hold for the considered ﬁbres arrangement). Be-
cause of the plain strain assumption, the stress component σ33 does not enter the expression of
stored strain energy. To determine the homogeneous coefﬁcients DH
ii33 w eu s ean e wa s s u m p -
tion. We claim that the mean stress <σ 33 >
 
≡
1
V
 
V
σ33 dv
 
has to be the same for both
the heterogeneous and the homogeneous RUC under every single mode of special boundary
conditions. We obtain the second homogenization scheme
D
H
ii33 =
1
V
 
V
Djj33 
(ii)
jj dv, i =1 ,2. (16)
where the subscripts correspond to the tensor coordinates and the superscripts in parentheses
refer to the single mode of boundary conditions.
6.2. Numerical methods for the determination of the homogenized coefﬁcients
The problem of mechanical equilibrium of heterogeneous structures is not analytically solvable
in general case. This is the reason why we use the Finite Element Method. The commercial
code Comsol Multiphysics [2] is employed because of its ability to model boundary conditions
of the form (12). Three ﬁnite-element analysis are performed on an isolated RUC to calculate
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Fig. 3. Automatic Comsol’s mesh Fig. 4. Rectangular spatial indentation
the ﬁelds  (rs) as solutions of the mechanical problem (14) with “rs”=“11”,“12” and “22”,
respectively. The mesh we use is the one automatically generated by Comsol Multiphysics. It
is formed by triangles as shown in ﬁg. 3. On the other hand, the integrals (13) and (16) are
numerically approximated as the sum of areas,
  
g(x,y)dxdy =
 
n
 
m
(g(x
n+1,y
m+1)+g(x
n+1,y
m)+g(x
n,y
m+1)+g(x
n,y
m))
δxδy
4
,
(17)
where g(x,y) ≡ Dijkl(x,y) 
(rs)
ij (x,y) 
(pq)
kl (x,y),o rg(x,y) ≡ Djj33(x,y)  
(rr)
jj (x,y), with
r,s,p,q =1 ,2. In the numerical scheme (17) we use a regular spatial indentation with constant
increments δx and δy,i . e .xn+1 = xn + δx and ym+1 = xm + δy. This rectangular indenta-
tion does not coincide with the mesh employed by the Finite Element analysis, see ﬁg. 4. An
approximation of  
(rs)
ij (xn,ym) is obtained as the weighted average of  
(rs)
ij (xmesh,ymesh),
 
(rs)
ij (x
n,y
m) ≈
 
neighb.
w
n,m
mesh  
(rs)
ij (x
mesh,y
mesh)
 
neighb.
w
n,m
mesh
, (18)
where (xn,ym) is a point of the regular indentation and (xmesh,ymesh) are nodes from the Com-
sol mesh. The sums
 
neighb.
act on all nodes (xmesh,ymesh) which are sited in the near neigh-
bouring of (xn,ym). Here, we consider the disk centered on (xn,ym) which radius is equal to
Δ=( δx2 + δy2)1/2. If no node of the mesh is sited within the disk, the radius is rather chosen
as Δ=2 ( δx2 +δy2)1/2. If no node is even sited within this second disk, the radius is chosen as
Δ=3 ( δx2 + δy2)1/2, etc. The maximum distance separating a node (xmesh,ymesh) s i t e di nt h e
disk from the center (xn,ym) is the radius Δ. The averaging (18) is weighted by the difference
between this maximal distance and the current distance separating the considered mesh’s node
from (xn,ym), i.e. the weight w
n,m
mesh is chosen as
w
n,m
mesh ≡ Δ −
 
(xn − xmesh)2 +( ym − ymesh)2. (19)
6.3. Results of homogenization
A Matlab function calculating the homogenized coefﬁcients is generated by the way described
in subsection 6.2. We obtain the evolution of homogenized stiffness coefﬁcients in dependence
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Fig. 5. Dependence of the homogenized traction
coefﬁcients DH
1111 and DH
2222 on the anisotropy
parameter L2/L1 with r1/L1 = r2/L2 =0 .25,
Ei/Em =1 0and νi = νm =0 .45
Fig. 6. Dependence of the homogenized traction
coefﬁcients DH
ijkl, i,...,l=1 ,2, on the inclusion
size. With L1/L2 = r1/r2 =1 /2, Ei/Em =1 0 ,
and νi = νm =0 .45
Fig. 7. Dependence of the homogenized traction
coefﬁcients DH
1133 and DH
2233 on the anisotropy
parameter L2/L1 with r1/L1 = r2/L2 =0 .25,
Ei/Em =1 0and νi = νm =0 .45
Fig. 8. Dependence of the homogenized traction
coefﬁcients DH
1133 and DH
2233 on the inclusion size.
With L1/L2 = r1/r2 =1 /2, Ei/Em =1 0and
νi = νm =0 .45
on various material parameters as plotted in ﬁgs. 5 to 8 for instance. We consider a regular
periodic structure having the following property. At the rest conﬁguration, the geometry of
the inclusion is proportional to its space distribution. The ratio h ≡ ri/Li is independent
of the space orientation i,i . e . r2/L2 = r1/L1,w h e r er1 and r2 are the radii of the elliptic
inclusion and L1 and L2 are the distances separating two neighbouring inclusions in the ﬁrst
and the second direction, respectively. The anisotropy of the array is uniquely characterized
by the ratio a ≡ L2/L1 = r2/r1. Its inﬂuence on the homogenized coefﬁcients is studied.
We observe that the cross traction coefﬁcient DH
1122 and the shear one DH
1212 are unchanged by
moving the anisotropy parameter. On the contrary, the traction coefﬁcients DH
1111 and DH
2222
and the cross traction coefﬁcients DH
1133 and DH
2233 move. When L2/L1 increases, DH
1111 and
DH
1133 decrease whereas DH
2222 and DH
2233 increase. Moreover, DH
2222 and DH
2233 linearly increase
with L2/L1 as it is highlighted in ﬁgs. 5 and 7. In ﬁgs. 6 and 8, the inﬂuence of the size
of the inclusion on the homogenized coefﬁcient is studied. The inclusion was chosen stiffer
than the matrix. As a consequence, when the volume of the inclusion increases, the values
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of the homogenized coefﬁcients increase too. Note that the differences between the traction
coefﬁcients DH
2222−DH
1111 and DH
2233−DH
1133 are small in comparison to the difference between
the other coefﬁcients. However, these differences are not zero since the considered RUC is not
symmetric (L1  = L2). Curves in ﬁgs. 6 and 8 are close each other but they do not coincide.
The results shown in ﬁgs. 5 to 8 were obtained equivalently using any kind of RUC. It has been
veriﬁed that these results do no depend whether the RUC is centered on the inclusion or not.
They neither depend whether it contains one inclusion or more.
7. Traction tests
7.1. Test settings
Five samples of periodic array containing one, four, sixteen, sixty-four and one hundred RUCs
and a sample of homogenized material are considered. RUCs are square. They are centered
on the round inclusion. The ratio between the length of the RUC side, L, and the radius of
the inclusion, r, is chosen as L/r =0 .25. The dimensions of all samples are the same. Thus,
the RUC dimensions decrease when the number of inclusions increases. Engineering constants
are Ei =4· 104 Pa, Em =4· 103 Pa, νi = νm =0 .45 for heterogeneous samples. The
homogenized material is characterized by σ = DH  ,w h e r eDH has been calculated with the
homogenization process developed in section 6. Traction tests are simulated by applying a den-
sity of force or imposing a displacement on horizontal borders. Because of the symmetry of the
sample and the loading, only one quarter of the sample is studied. Consider the right up quarter.
The boundary conditions are the following. A density of force, fi, or a displacement, vi,i s
applied on the top border. The right border is free of stress. Because of the symmetries, mixed
boundary conditions are applied to remaining borders. We apply v =0 , σ11 =0on the bottom
border, whereas u =0 , σ22 =0on the left border. Loadings vi and fiare determined in such a
way that the strain energy for homogenized material is the same in both kinds of traction tests.
To carry out the computing, the commercial ﬁnite element code Comsol Multiphysics is em-
ployed. Differential equations are input according to inner code modes. Structural mechanics
plane strain application mode is used for heterogeneous samples, which can study the displace-
ments, stresses, and strains in an in-plane loaded body assuming plane strain when engineering
constants are given. Coefﬁcient form mode is used for homogenized materials, which solves
the system of linear differential equations when coefﬁcients entering equations are given. More
detailsabout modescan be found in theComsol manual [2]. Applicationsof thecoefﬁcient form
mode to the mechanical equilibrium can be found e.g. in [10] (isotropic viscoelastic material)
and in [12] (orthotropic elastic material).
7.2. Results of traction tests
Figs. 9 and 10 show strain energy density distributions for every sample. With the chosen
material constants, the minimum of energy is localized in inclusions. The deformed shape of
samples can be also observed in these ﬁgures. The deformation on the border of samples is
not homogeneous but waved by the presence of inclusions (however, when a displacement is
applied on the top border, deformation is homogeneous on this border from deﬁnition).
Mean stresses, strain and total strain energy are calculated for every sample. We use the
superscript H for quantities measured in homogenized sample, e.g.  H
11, σH
22. For all samples,
the mean stress  σ11  and the mean deformation in shear   12  are zero. Following observations
are done in the direction of loading. When a density force is applied, the mean stress  σ22 
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Fig. 9. Strain energy density distribution after a traction test applying the density force fi =1 0 3 Pa
in samples of one, four, sixteen, sixty-four and one hundred inclusions and the sample of homogenized
material
Fig. 10. Strain energy density distribution after a traction test imposing the displacement vi =0 .1406 m
in samples of one, four, sixteen, sixty-four and one hundred inclusions and the sample of homogenized
material
is independent of the number of inclusions and  σ22  = σH
22. On the other hand, the mean
strain   22  decreases when the number of inclusions rises. Nevertheless, it tends to  H
22.O n
the contrary, when a displacement is imposed, the mean strain is unchanged and   22  =  H
22,
whereas the mean stress  σ22  increases with the number of inclusions and tends to σH
22.A sa
result, since    : σ  =     :  σ , the strain energy decreases with the number of inclusions
in one case whereas it increases in the latter, but in both cases it tends to the homogenized
strain energy. These results are shown in ﬁg. 11. In addition, the dependence of the mean
transverse stress  σ33  on the number of inclusions is shown in ﬁg. 12. When a density of force
is applied,  σ33  is unchanged and  σ33  = σH
33. When a displacement is imposed, it decreases
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Fig. 11. Dependence of the total strain energy on
the number of inclusions for traction tests with
fi =1 0 3 Pa and vi =0 .14 m. Curves tend to
the homogenized energy ΩH =7 0 .30 J
Fig. 12. Dependence of the transverse stress on
the number of inclusions for traction tests with
fi =1 0 3 Pa and vi =0 .14 m. Curves tend to
the homogenized stress σH
33 = 450 Pa
with the number of inclusions and tends to σH
33. We conclude that in both plane of deformation
and transverse direction, as well as for both kinds of loading, the mechanical behaviour of the
heterogenous sample becomes closer to the homogenized one when the number of inclusions
increases.
8. Conclusions
We have developed a numerical procedure for computing the homogenized coefﬁcients of elas-
tic ﬁbrous tissuewith the help of the Finite Element code Comsol Multiphysicsand the comput-
ing environment Matlab. Tissue is considered as periodic, and the assumption of plane strain is
used. The number of independent effective stiffness coefﬁcients to be determined is six in gen-
eral case. It reduces to four if the ﬁbres cross-section are round and the arrangement of ﬁbres is
square. In fact, four coefﬁcients (resp. three if symmetry) enter the plane behaviour equations
and two ones (resp. one) are involved in the deﬁnition of stress along the third direction. This is
the reason why two different homogenization schemes, (13) and (16), are used. These schemes
are tested with different choices of Repeating Unit Cell. It has been controlled that the results
of the homogenization process are independent whether the RUC contains only one inclusion
or more inclusions, or whether the inclusions contained in the RUC are full or parceled out.
On the contrary, the number of inclusions contained in the sample inﬂuences the values of the
total strain energy and the mean transverse stress developed during mechanical traction tests.
Nevertheless, we showed the tendency of these quantities toward the homogenized values when
the number of inclusions increases. This is in accordance with the ideas of asymptotic homoge-
nizationwhich claims thehomogenized mediumis thelimitof the heterogeneous mediumwhen
the size of heterogeneities tends to zero.
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